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A torsion-bar antenna (TOBA) is a low-frequency terrestrial gravitational wave (GW) antenna
which consists of two orthogonal bar-shaped test masses. We upgraded the prototype TOBA
and achieved the strain sensitivity 10−10 Hz−1/2 at around 1 Hz. We operated the upgraded
TOBA (called the “Phase-II TOBA”) located at Tokyo in Japan for 22.5 hours and performed
an all-sky coherent search for continuous GWs using the F -statistic. We place upper limits on
continuous GWs from electromagnetically unknown sources in the frequency range from 6 Hz
to 7 Hz with the first derivative of frequency less than 7.62× 10−11 Hz/s using data from the
TOBA. As a result, no significant GW signals are found in the frequency band 6− 7 Hz. The
most stringent upper limit upper limit on the dimensionless GW strain with 95% confidence
level in this band is 3.6× 10−12 at 6.84 Hz.
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1 Introduction
The first direct detection of gravitational waves (GWs) are anticipated in half a decade
by large-scale laser interferometric GW detectors such as the advanced Laser Interferometer
Gravitational wave Observatory (advanced LIGO) [1], Advanced Virgo [2], and KAGRA [3].
A network of these advanced ground-based GW detectors will reach unprecedented sensitivity
which may be enough to establish GW astronomy. One of the most promising targets for
them is continuous GW from a rapidly spinning neutron star (NS) which is generated due
to non-axisymmetry around its spin axis. Detection of continuous GWs from pulsars would
shed light on NS equations of state via the observed GW amplitude.
There are two kinds of efforts to search for GWs from rapidly rotating isolated neutron
stars. One is to search for GWs from electromagnetically known pulsars and the other, some-
times called a blind search, tries to find GWs in a wide parameter space where the parameters
include the source sky direction, the GW emission frequency, and its time derivative. Detec-
tion of GWs from an electromagnetically known pulsar would enable us to reveal the GW
generation mechanism via the relation between the NS’s spin and the GW frequency. Detec-
tions of GWs from many pulsars in blind searches would statistically tell us the beaming
angle of pulsars.
To date, data from the initial LIGO and Virgo science runs have been used to place
upper limits on GW amplitudes from unknown isolated pulsars with GW frequencies above
20 Hz [4–14]. On the other hand, continuous GWs below 20 Hz have yet to be investigated
because seismic noise on the Earth hinders the sensitivities of detectors to GWs in such a
low-frequency regime. One of the solutions to avoid the noise due to the ground motion is
to construct GW detectors formed by satellites in space such as the evolved Laser Interfer-
ometer Space Antenna (eLISA) [15] and the DECi-hertz Interferometer Gravitational wave
Observatory (DECIGO) [16]. Another solution is to devise detector configurations on the
Earth such as the torsion-bar antenna (TOBA) [17], atomic interferometers [18], the jug-
gled interferometer [19], and the full-tensor detector [20]. Indeed, the Australia Telescope
National Facility catalogue lists about 1500 pulsars in the frequency range from 1 Hz to 10
Hz, while it contains only about 400 above 10 Hz [21]. Hence, it is interesting to explore the
low-frequency regime, although the expected GW amplitude scales as frequency squared
Here, we first search for unknown continuous GWs coherently in the low-frequency regime
using data from an upgraded TOBA (called the “Phase-II TOBA”). A TOBA is a ground-
based low-frequency GW antenna which is composed of two orthogonal bar-shaped test
masses. When a GW passes through the antenna the two bars rotate differentially around
their centers. GW signals can be extracted by monitoring the bar rotations using laser
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interferometers. So far, the prototype TOBA was used to set upper limits on the abundance
of the stochastic GW background [22, 23]. In this paper, we report on the results of an all-sky
search for continuous GWs using the upgraded TOBA data.
This paper is organized as follows. Section 2 the presents detection mechanism of a TOBA
and summarizes the experiments with the upgraded TOBA. The adopted method of data
analysis and its results are described in Sec. 3. Conclusion and summary are given in Sec. 4.
2 Observation
2.1 Detection mechanism
A TOBA is a ground-based antenna for low-frequency GWs, and was originally proposed
in Ref. [17]. A TOBA consists of two bar shaped orthogonal test masses to which mirrors
are attached at both ends . The two bars rotate differentially due to the passage of incident
GWs. The GW signals can be read in the following way. An input laser beam is split into two
orthogonal beams at a beam splitter. The two beams are reflected by the mirrors attached
to the ends of the bars and are recombined at the beam splitter. The GW signals can be
obtained by measuring the optical path differences at a photo-detector placed in a different
direction from the laser. The angular motions of the bars are written as follows:
Iθ¨ (t) + γθ˙ (t) + κθ (t) =
1
4
h¨jkq
jk (1)
where we denote the moment of inertia, the dissipation coefficient, the spring constant, and
the dynamical quadrupole moment of the two bars by I, γ, κ, and q, respectively. A TOBA
is sensitive to incoming GWs above the resonant frequency fres =
√
κ/I/2pi, which can be
set to be below 1 Hz.
2.2 Phase-II TOBA
In previous works, we have constructed a prototype TOBA which is composed of a single
20 cm test mass and has succeeded in putting constraints on the abundance of stochastic GWs
[22, 23]. We have developed the Phase-II TOBA based on Ref. [24]. The main features of the
Phase-II TOBA are common-mode noise rejection, the multi-output system, and the active
and passive vibration systems. The Phase-II TOBA has two 24 cm bar-shaped test masses
each of which is suspended by two parallel tungsten wires near its center. In order to reduce
the common-mode noise effectively, the two test masses are installed in such a way that their
centers of mass are positioned at the same point on the horizontal plane. The motions of the
bars in both the horizontal and vertical planes are monitored by using fiber Michelson laser
interferometers, so that we can obtain three independent output signals unlike the previous
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prototype TOBA. We introduced a hexapod-type active vibration isolation system to reduce
the seismic noise at around 1 Hz; see Ref. [25] for more details.
We placed the Phase-II TOBA in Tokyo (35◦42′49.0′′N, 139◦45′47.0′′E) and operated it
for 22.5 hours from 6:18 UTC, December 11, 2014 to 4:48 UTC, December 12, 2014. The
measured strain sensitivity of the Phase-II TOBA is shown in Fig. 1 in which the red, blue,
and, green lines correspond to the output signals from the xy, xz, and yz degrees of freedom,
respectively. The z axis is in the local vertical direction, while the x and y axes align with
the two bars when they are at rest (see also Fig. 2). We achieved the GW equivalent-strain
sensitivity 10−10 Hz−1/2 at around 1 Hz for the signal on the horizontal plane. The sensitivity
is limited by the seismic noise below 2 Hz and by unexpected noise in the optical fiber above
2 Hz. The peaks appearing at around 0.7 Hz, 5.7 Hz, 8.5 Hz, and 14 Hz correspond to the
resonance of the optical bench, and the resonance of the vibration isolation table in the
directions of y, x, and z axes, respectively. It should be noted that we do not incorporate the
data obtained from monitoring the vertical planes into our analysis because their sensitivities
are unfortunately much worse than the sensitivity from the horizontal plane, as is evident
from Fig. 1.
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Fig. 1 The strain sensitivity curve of the Phase-II TOBA. The horizontal axis shows the
frequency and the vertical axis shows the square root of the noise spectral density
√
Sn (f).
The red, blue, and green lines correspond to the output signals from the xy, xz, and yz
degrees of freedom, respectively.
2.3 Statistical properties of the data
Searches for continuous GWs are effectively carried out using short time baseline Fourier
transforms (SFTs) of the data. The length of each SFT segment is determined by taking into
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Fig. 2 Layout of the Phase-II TOBA. The two bar-shaped test masses can move indepen-
dently in the directions of the x, y, and z axes. The three independent output signals can
be obtained by monitoring the bar motion on the xy, xz, and yz planes.
account the effects of stationarity of the data, the spinning of the Earth, and the spin-down
of the GW source. We set the SFT length to be 9,000 seconds for these reasons. It should
be noted that the SFT baseline length can be taken longer at lower frequencies as long as
the data stationarity is assured.
We investigated the statistical properties of our data in the band 6-7 Hz using SFTs. It
is convenient to define the following quantity to evaluate to what extent the noise obeys a
Gaussian distribution [26].
Pα,k =
∣∣x˜α,k∣∣2
〈
∣∣x˜α,k∣∣2〉
(2)
where x˜α,k denotes the SFT data at the frequency bin k of the αth SFT segment and 〈·〉
denotes the ensemble average over the αth SFT. Pα,k can be regarded as the normalized
noise power in the frequency bin k. The histogram of Pα,k is shown in the left panel of Fig.
3. If the data is distributed according to a Gaussian distribution, Pα,k is proportional to an
exponential, or in other words, Pα,k is aligned with a straight line in a semi-log plot. The
measured values of the mean and the standard deviation are 1.00 and 1.08, respectively.
Thus, we can regard that our data follows almost a Gaussian distribution. We also studied
the stationarity of the data by computing the difference between adjacent phases of the SFT
data [26],
∆Φα,k = Φα,k − Φα,k−1. (3)
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If the data is stationary, ∆Φα,k obeys a unifom distribution in the range of [−pi, pi]. The
histogram of measured ∆Φα,k is shown in the right panel of Fig. 3 in which strong non-
stationarity is not found.
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Fig. 3 Histogram of (a) the power Pα,k and (b) the phase ∆Φα,k of the TOBA SFT data
at the kth frequency bin. If the data is distributed according to a Gaussian distribution,
Pα,k lies on the straight line described by a dotted line. If the data is stationary, ∆Φα,k is
distributed uniformly in the range of [−pi, pi] as described by a dotted line.
3 Data analysis
3.1 GW signal
A pulsar is a rapidly rotating NS whose spin frequency is nearly constant, say f0. GWs
from such a source are generated by a non-axisymmetry of the pulsar around its spin axis.
The GW amplitude is expressed by
h0 =
16pi2G
c4r
εIf20 (4)
where G, c, and I are Newton’s gravitational constant, the speed of light, and the NS’s
moment of inertia, respectively. The non-axisymmetry is characterized by the parameter ε
called ellipticity. The GW singal we expect to detect from a rapidly rotating NS is described
as
h (t) = h+ (t)F+ (t) + h× (t)F× (t) , (5a)
h+ (t) = h0
1 + cos2 ι
2
cosΦ (t) , (5b)
h× (t) = h0 cos ι sinΦ (t) (5c)
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where h0 is the overall amplitude, Φ (t) is the GW phase measured at the solar system
barycenter (SSB), and ι is the inclination which is the angle between the line of sight and
the spin axis. The antenna pattern functions F+ (t) and F× (t) represent the response of the
antenna to the plus and cross polarization modes of the incoming GWs. The antenna patterns
of the TOBA rotated by 45◦ on the antenna plane are identical to that of a 90◦ interferometer
[24]. The spin of the Earth around its axis gives rise to the amplitude modulation which is
described by the time dependence in F+ and F×.
The Earth’s spin around its axis and the Earth’s rotation around the Sun bring Doppler
modulation to the GW phase up to the first derivative of frequency as follows:
Φ (t) = φ0 + 2pi∆tfˆ (∆t) , (6a)
fˆ (∆t) = f0 +
1
2
f˙∆t, (6b)
∆t = τ +
rd · n
c
+∆rel − t0 (6c)
where φ0, τ , rd, and n denote the initial phase at the reference time t0, the arrival time of
the GW measured at the detector, the detector position on the Earth with respect to the
SSB, and the unit vector pointing toward the NS from the SSB. The unit vector n is related
to the equatorial coordinates: right ascension α and declination δ. The timing correction ∆rel
represents relativistic effects such as the Einstein delay and the Shapiro delay.
3.2 F-statistic
We use a detection statistic called the F -statistic to discriminate whether or not an
expected GW signal exists in the data [27]. The F -statistic is derived from the method of
maximum likelihood function and is known as the most powerful test from a frequentist
standpoint according to the Neyman-Pearson lemma [28]. On the stationary Gaussian noise
assumption, the log-likelihood function is expressed as
ln Λ = (x|h)−
1
2
(h|h) (7)
where (·|·) denotes the noise-weighted inner product defined as
(x|y) = 4Re
∫ ∞
0
x˜ (f) y˜∗ (f)
Sn (f)
df. (8)
The maximization of ln Λ over the amplitude parameters λ = {h0, cos ι, ψ, φ0} leads to the
F -statistic,
2F = max
λ
[2 lnΛ] . (9)
The number of search parameters is reduced from eight to four in this process. In the presence
of a GW signal, 2F obeys a non-central χ2 distribution with four degrees of freedom and a
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non-centrality parameter ρ2, where ρ is the average signal-to-noise ratio (SNR) in the case
of a signal perfectly matched with the template. In the absence of any GW signal, 2F obeys
the χ2 distribution function with four degrees of freedom. The SNR of the signal is related
to the expected value of the F -statistic by 〈2F〉 = 4 + ρ2. We set the threshold of 2F to be
68 which corresponds to ρ = 8.
If the measured value of the F -statistic is below the predetermined threshold, we move on
to the step of placing a constraint on the GW amplitude h0. An upper limit of the amplitude
can be defined as a function of the confidence level C, h0 (C). The inverse of h0 (C) is written
as
C (h0) =
∫ ∞
2Fobs
p (2F|h0) d (2F) (10)
where Fobs denotes the observed value of F -statistic and p (2F|h0) denotes the probability
distribution function of 2F in the presence of a signal with amplitude h0. The value of the
upper limit is evaluated by solving Eq.(10) via Monte-Carlo simulations over the unknown
parameters {h0, cos ι, ψ}. Note that the F -statistic is independent of φ0.
3.3 Analysis and results
Equations (4)-(6c) indicate that a continuous GW is characterized by eight parameters
when we take into account up to the first derivative of frequency. The four amplitude param-
eters are projected out by using the F -statistic. Then, the parameters to be searched over
become only the phase parameters {α, δ, f0, f˙}. The spacing of frequency bins for the tem-
plates is chosen by the inverse of twice the observation time. The grid spacings on the sky
positions are chosen such that the maximum mismatch is less than 0.02. We take both ∆α
and ∆δ to be 0.01 radians conservatively. To reduce the computational burden, we did not
search over spindown parameters. So our analysis is valid only for NSs with a spindown f˙
less than 1/(2T 2obs) ≃ 7.62× 10
−11 Hz/s where Tobs = 22.5 hours is the data length.
We make SFTs of 22.5 hours contiguous data by employing lalapps MakeSFTs in the
LIGO scientific collaboration analysis library (LAL) code [29]. Each segment is windowed
by a Tukey window prior to computing the SFTs. The length of each SFT segment is chosen
as 9,000 seconds for the reasons described in Sec. 2.3. The frequency range to be searched is
a 1 Hz band in 6-7 Hz where our antenna has good sensitivity. The statistical properties of
the data in this band are described in Sec. 2.3.
We compute 2F by making use of lalapps ComputeFstatistic v2 in the LAL code. The
left panel in Fig. 4 shows the distribution of 2F over a 0.01 Hz band between 6.10 Hz and
6.11 Hz. The experimentally measured distribution of the F -statistic is represented by the
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gray filled boxes. The theoretically expected distribution in the case of the Gaussian noise is
represented by a χ2 distribution with four degrees of freedom, which are given by the dotted
line. As can be seen in the left panel of Fig. 4, the two are agreed with each other very
well. This indicates that the data we observed is filled with almost Gaussian noise. The right
panel is identical to the left panel but changes the scale of the vertical axis to a the semi-log
scale. Because of the small non-Gaussian noise, the gray filled area is deviated slightly from
the dotted line for larger values of the F -statistic.
We divide the 1 Hz band between 6 Hz and 7 Hz into 100 sub-bands each of length 0.01
Hz. The loudest values of 2F in each sub-band resulting from the all-sky search are computed
and are shown in the left panel of Fig. 5. There is no significant candidate whose value of
the F -statistic is above the predetermined threshold 2F = 68 corresponding to SNR = 8.
Then, we move on to the step of finding the upper limits on h0 by employing Eq. (10). The
right panel in Fig. 5 represents the upper limit of h0 with a 95% confidence level in each
sub-band. The constraints on h0 become tighter as the frequency increases. This feature
basically reflects the noise curve shown in Fig. 1. The most stringent upper limits on h0 is
3.6× 10−12 at 6.84 Hz.
 0.05
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Fig. 4 Probability distributions of the F -statistic over 6.10 - 6.11 Hz. The right panel
is identical to the left panel apart from the scale of the vertical axis and the range of the
horizontal axis. The gray filled areas in both panels represent histograms obtained from
the observations. In each panel, a dotted line represents a central χ2 distribution with four
degrees of freedom. When the data is dominated by Gaussian noise, the histogram obeys the
dotted line.
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Fig. 5 (a) Loudest values of 2F in sub-bands of 0.01 Hz width. (b) Upper limits on h0
with 95% confidence level in sub-bands as a function of frequency.
3.4 Discussion
We can interpret our upper limits on the strain amplitudes in terms of upper limits
on the ellipticity ε using Eq. (4). For instance, when we consider a NS with its moment
of inertia I = 1038 kg m2 at a distance of r = 0.1 kpc, the most stringent upper limit we
obtained corresponds to the constraint on the ellipticity of ε = 1.7× 109. The maximum
possible value of ellipticity is typically of the order of less than 10−6 [30], so this limit has
yet to reach an interesting parameter region.
One of the proposed configurations of the TOBA [17] may achieve the best sensitivity
of ∼ 10−20 Hz−1/2 at around 0.1 Hz. With the proposed TOBA, we can detect GWs from
inspiralling compact binaries such as NS/NS binaries within the Local Group or intermediate-
mass black hole binaries within 10 Gpc, in addition to low-frequency continuous GWs from
rapidly rotating compact stars. In fact, the F -statistic search method we employed in this
paper can be used for inspiralling compact binaries long before their coalescences [31–34].
4 Conclusion
In this paper, we carried out an all-sky search for continuous GWs from isolated spinning
NSs in the frequency range from 6 Hz to 7 Hz using the F -statistic. The data was obtained
from a 22.5-hour observation with the Phase-II TOBA at Tokyo in Japan and has good
sensitivity of the order of 1 Hz. We converted our data into 9,000-second SFT segments and
searched coherently for an isolated NSs for all sky positions by using the F -statistic. As a
result, no significant candidates were found at 6-7 Hz and the most stringent upper limits
on h0 with 95% confidence level in this band is 3.6× 10
−12 at 6.84 Hz.
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